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ON CONFORMALLY INVARIANT SYSTEMS OF SECOND ORDER 
DIFFERENTIAL OPERATORS ASSOCIATED TO MAXIMAL PARABOLICS 

OF QUASI-HEISENBERG TYPE 

TOSHIHISA KUBO 



Abstract. In this paper we close the cases that were left open in our earlier works on the study 
of conformally invariant systems of second order differential operators. More precisely, for these 
cases, we find the special values of the conformally invariant systems and determine standardness 
of homomorphisms between generalized Verma modules coming from the systems of operators. 



... 1. Introduction 

P^ I Conformally invariant systems are systems of differential operators that are equivariant under an 

,^ I action of a Lie algebra. More precisely, let V — t- M be a vector bundle over a smooth manifold M 

^ \ and 00 a Lie algebra of first order differential operators acting on smooth sections on V. A linearly 

independent list Di, . . . , Dm of differential operators on V is then said to be conformally invariant 

if for all X G 00 there exist smooth functions C^ on M so that the bracket identity 

> _ 

^: [X,D,] = ^C^D, (1.1) 

holds. (For the precise definition see for example Section 2 of [2].) Many examples of conformally 
'nI" . invariant systems implicitly or explicitly exist in the literature. The Laplacian A on M" and wave 

^T) • operator D on the Minkowski space M ' are for instance two outstanding examples for conformally 

invariant systems consisting of one differential operator. For more examples see for example the 
introduction of [14j. 

^ . A project for conformally invariant systems started with the work of Barchini-Kable-Zierau in 

C^ . [1] and [2], and the project was continued in subsequent papers. (For instance [H [3 [H [9l [TO] . 

|141 [T5| I16j.) We may want to note that one may find the introduction of [6] helpful to see the 
recent development of the theory of conformally invariant systems. 

The present work is also part of the project. The aim of this paper is to close the cases that were 
left open in [14] and pG]. To describe our work of this paper more precisely, we now briefiy review 
the works in these papers. Let G be a complex, simple, connected, simply-connected Lie group 
with Lie algebra 0. Give a Z-grading = 0^=.^ 0(j) on so that q = 0(0) © ©j>o sO) — ^ffi ti is a 
maximal parabolic subalgebra. Let Q = Ng{(\) = LN . For a real form 0o of 0, define Go to be an 
analytic subgroup of G with Lie algebra 00- Set Qq = Ngo{(\)- Our manifold is M = Gq/Qq and 
we consider a line bundle Cg — )• Gq/Qq for each s G C. As the homogeneous space Gq/Qq admits 
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2 TOSHIHISA KUBO 

an open dense submanifold NqQq/Qq, we restrict our bundle to this submanifold. By slight abuse 
of notation we refer to the restricted bundle as Cs- The systems that we shall construct act on 
smooth sections of the restricted bundle Cs -^ Nq. 

Our systems of operators are constructed from L-irreducible constituents W of g(— r+A;)(E>0(r) for 
1 < k <2r. We call the systems of operators $7^ systems. (We shall describe the construction more 
precisely in Section 2.2.) There is no reason to expect that Qk systems are conformally invariant on 
Cs for arbitrary s € C; the conformal invariance of Ofc systems depends on the complex parameter 
s for the line bundle Cg- We then say that an 0,^ system has special value Sk if the system is 
conformally invariant on the line bundle Cgf.- 

In |14j, the parabolic subalgebra q = [© n was taken to be a maximal parabolic subalgebra of 
quasi-Heisenberg type, and we sought the special values for the Oi system and Q.2 systems. While 
the special value si for the Oi system was determined for each parabolic subalgebra q as si = 0, 
we left three cases open for ^2 systems. To describe the open cases, let us now start explaining 
briefly the classification for the irreducible constituents W that contribute to 0.2 systems. In |14j . 
we first observed that if irreducible constituents W contribute to O2 systems then their highest 
weights are of the form /U + e, where // is the highest weight for 0(1) and e is some weight for 0(1). 
We called such irreducible constituents special and classified as type la, type lb, type 2, and type 3 
with respect to certain technical conditions for the highest weight ^ + e. (We shall give the precise 
conditions in Definition 12.221 ) Table [1] summarizes the types of special constituents. Here, for 
example, "i?„(z)" indicates that the maximal standard parabolic subalgebra of of type i?„, which 
is determined by the zth simple root ai. In the table V{ii + e.^), V{^ji + e„^), and V{^ji + e^^) denote 
the special constituents with highest weights /x + e-y, /i + e„^, and /i + e^^, respectively. (We will 
precisely describe these highest weights in Section 2.4 and Appendix [A]) . As illustrated in Table [H 
there are one, two, or three special constituents. A dash in the column for V{ii + e„^) indicates 
that there is no special constituent F(/x + e,i^) in the case. 

In [II], under the assumption that q is not of type Dn{n — 2), we found the special values S2 
for 0.2 systems for the type la and type 2 constituents. The technique that we used allowed us to 
handle each case uniformly. However, since the technique relied on some technical conditions on 
the highest weights for the special constituents, we could not apply it to the systems coming from 
type 2 and type 3 constituents. 

If y(/i + e) := V{n + e^), V{^ + 6^7), or y(/i + e^ ) then the missing cases may be summarized 
as follows: 

(1) the special constituent V{^ + e) is of type lb, 

(2) the special constituent V{^ + e) is of type 3, and 

(3) the maximal parabolic subalgebra q is of type Dn{n — 2). 

These are the cases boxed in Table [TJ Our goal of this paper is to find the special values §2 of 
0.2 systems in these three cases. To achieve the goal, while we treated each case as uniformly as 
possible in [H], we in this paper handle these cases separately. For type lb and type 3 cases, we 
use an explicit realization of a Lie algebra 0. In this way certain computations can be carried out 
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Table 1 . types of special constituents 



Parabolic subalgebra V{fj, + e^) V{fj, + e 



wyj 



Bn{i), S < i < n ■ 
Bn{n-1) 
Bn{n) 
Cn{i), 2<i<n- 
Dn{i)-, 3 < i < n 

^6(5) 
E7{2) 
Erie) 
Esil) 
F4(4) 



Type la 
Type la 
Type la 
Type la 
Type la 
Type la 
Type 2 



Type la 


Type la 


Type la 


Type lb 


Type 2 


- 


Types 


Type 2 



Type la 
Type la 
Type la 

Type la 



Vifi + e+ 



Parabolic subalgebra 



V{fi + e^ 



nyJ 



yifJ- + (-n-y) 



n-y J 



Dnin-2) 



Type la 



Type la 



Type la 



easily. For the case that q is of type Dn{n — 2), we first observe that each special constituent is of 
type la. We then apply the technique used in [14] . 

The special values S2 for the type lb, type 3, and type Dn{n — 2) cases are S2 = 1 (Theorems 
13. lip . S2 = n — i + 1 (Theorem 14. 24p . and S2 = 1 (Corollarv lA.Sp . respectively. Now, with these 
results together with ones in [13], if A and A(g(l)) denote a (fixed) root system and the set of 
roots contributing to s(l), respectively, then we obtain the following consequence: 

Consequence 1.2. Let q be a maximal parabolic subalgebra of quasi-Heisenberg type. The special 
value S2 of the i^2 system associated to the special constituent V{fi + e) is 

if VifJ- + e) is of type 1, 
S2 = ■{ —I if V{fi + e) is of type 2, and 

n — i + 1 if V{fi + e) is of type 3, 



( |A^+.(g(l))| 
2 
-1 



where |A^+e(g(l))| is the number of elements o/ A^_|_e(0(l)) := {« G A(0(1)) | (;U + e) — a G A}. 

Here we combine type lb with type la. This is because it turned out that the special value for 
the type lb case can be given by the same formula as for the type la case. (See Remark 13.121 ) If 
^2\v{ti+e)* denotes the ^^2 system coming from the special constituent V{fi+e) then Table [2] exhibits 
the special values for all the O2 systems under consideration. Here Aj denotes the fundamental 
weight for the simple root ai and C{s\i) := Cg, the restricted line bundle over Nq. 

Now we turn to [16]. To describe the work of the paper, we first recall that it was shown in 
[2] that a conformally invariant system yields a homomorphism between appropriate generalized 
Verma modules, one of which is (in general) non-scalar. A homomorphism between generalized 
Verma modules is called standard if it comes from a homomorphism between corresponding (full) 
Verma modules, and called non-standard otherwise. In [16] . we then classified the "standardness" of 
the homomorphisms 99^7^ between generalized Verma modules arising from the conformally invariant 
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Table 2. Line bundles with special values 



Parabolic subalgebra 


^2\v(f^+e.,r 


^2 V{^l+er,-,)* 


Bn{i),3 < i < n - 


-2 


£((n-i-i)\) 


C{Xi) 


Bn{n - 1) 




C{Xn-l) 


Bn{n) 




Ci-Xn) 


- 


Cnii),2<i<n- 


-1 


£((n-i + l)A,) 


C{-X,) 


Dn{i),3 <i<n- 


-3 


C{{n-i-l)Xi) 


C{X.i) 


Ee{3) 




^(As) 


Ci2X^) 


E^{b) 




C{X,) 


C{2X,) 


E,{2) 




C{2\2) 


- 


Er{6) 




C{Xe) 


/:(3A6) 


Es{l) 




C{3Xi) 


- 


F4(4) 




C[-Xi) 


- 



Parabolic subalgebra 


^2 y(/i+£^)* 


^2 ly (;.+.+. )• 


^2|y(,.+e--,)* 


Dn{n-2) 


C{Xn-2) 


C{Xn-2) 


C{Xn^2) 



Oi and O2 systems constructed in [Hj. While the map ip^^ was shown to be standard for each 
parabolic subalgebra q, as there were several cases in which the special values S2 for Q2 systems 
were missing, the classification for the map ipQ,^ was not complete. Thus, in this paper, we also 
determine wether or not the maps (/jqj coming from the conformally invariant 0.2 systems in the 
missing cases are standard. The classification results are given in Theorem 13.141 (type lb case). 
Theorem 14.281 (type 3 case), and Theorem IA.6I (type Dn{n — 2) case). It turned out that in each 
case the map (^^2 is non-standard. With the results from jT6], Table [3] summarizes the classification 
of the standardness of the maps (p^^ . 

Table 3. The classification of (^Qj 



Parabohc subalgebra 


^2 V(t^+e~,)* 


^2 y(^+e„^)* 


S„(i),3 <i<n- 


-2 


standard 


non-standard 


Bn{n-l) 




standard 


non-standard 


Bn{n) 




standard 


— 


Cn{i),2<i<n- 


-1 


non-standard 


standard 


Dn{i),3 <i<n- 


-3 


non-standard 


non-standard 


Ee{3) 




non-standard 


non-standard 


^6(5) 




non-standard 


non-standard 


Eri2) 




non-standard 


— 


Er{6) 




non-standard 


non-standard 


Esil) 




non-standard 


— 


F4(4) 




standard 


- 



Parabolic subalgebra 


^2 V(,^+e^)* 


^2 V{^+e+,)* 


^2 v{t^+e-,r 


Dn{n - 2) 


non-standard 


non-standard 


non-standard 
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Recall that, for each parabolic subalgebra q, the special value si for the 0,i system is si = and 
that the map fn-^ is standard. Now, with the results and the results in Tables [1] and [3l we obtain 
the following consequence: 



Consequence 1.3. Let q be a maximal parabolic subalgebra of quasi- Heisenberg type. The map 
fUk for k = 1,2 is non-standard if and only if the special value Sk of the O^ system is a positive 
integer. 

Before closing this introduction we may want to make two remarks on this paper. The first is on 
the technique to determine the special values of O2 systems. In [M], to determine the special values, 
we used some reduction techniques. Although the techniques significantly reduced the amount of 
computations, as several technical formulas on differential operators were used, the computations 
were still somewhat not straightforward. Now it is known that special values can be obtained 
by computations in generalized Verma modules. (See for instance [9j.) Then, in this paper, by 
combining the idea used in [13] with that for generalized Verma modules, we are successful to 
further simplify computations. The technique is given in Proposition 12.231 

The second remark is on the definition of special constituents. As stated in the introduction 
in [16], there were certain discrepancy on the terminology "special constituents" between [T5] and 
|16j . In [H] (and above of this introduction) we defined the special constituents for ^2 systems as 
ones whose highest weights satisfy certain conditions. On the other hand, in [16], we redefined such 
constituents for any fifc systems as irreducible constituents that contribute to fifc systems. The 
reason why we redefined special constituents as above is that the later definition works not only 
for ^2 systems but also for any fi/; systems and also that the irreducible constituents with highest 
weights satisfying the technical conditions are highly expected to contribute to O2 systems. Indeed, 
in [14j . the implication was verified except the three missing cases. In this paper we showed that 
the implication holds also in the three cases, namely, in Proposition 13.21 (tvpe lb). Proposition 14. 191 
(type 3), and Section A.l (type Dn{n — 2) case). Now the two notions of special constituents do 
agree for 0,2 systems. 

We now outline the rest of this paper. This paper consists of four sections (with this introduction) 
and two appendices. In Section 2 we review the works of [TJ] and [16]. In particular we give the 
precise construction of $7^ systems. We also review about maximal parabolic subalgebras q of 
quasi-Heiseberg type in this section. In Sections 3 and 4, we discuss about the ^^2 systems arising 
from the type lb special constituent and type 3 special constituent, respectively. In these sections 
we find their special values and determine the standardness of the map (fQ^ ■ These are achieved in 
Theorems 13. 101 and 13.141 for type lb case and Theorems 13.101 and 13.141 for type 3 case, respectively. 
We handle the case that q is of type Dn{n — 2) in Appendix A. This is because it turned out that 
we were able to simply apply the technique from [T3] to this case. The special value is given in 
Corollarv I A . 31 together with Theorem lA.2[ The standardness of (/JQj is determined in Theorem lA.6[ 
Finally, in Appendix [HI we collect the miscellaneous data that will be helpful for the work of this 
paper. 
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2. Preliminaries 

The purpose of this section is to summarize the framework estabhshed in [U] and [16]. The 
notation and conventions remain in force in the the rest of this paper. 



2.1. A specialization of a vector bundle V — )• M. We start with recalhng from [14] the smooth 
manifold M and the vector bundle V — )• M to work with. This is nothing but the non-compact 
picture of a degenerate principal series. 

Let G be a complex, simple, connected, simply-connected Lie group with Lie algebra q. Fix a 
maximal connected solvable subgroup B, and write b = f) ® u for its Lie algebra with f) the Cartan 
subalgebra and u the nilpotent subalgebra. Let q D b be a standard parabolic subalgebra of g. If 
Q = Ng{(\) then write Q = LN for the Levi decomposition of Q. Let go be a real form of g in 
which the complex parabolic subalgebra q has a real form qo. Let Go be the analytic subgroup 
of G with Lie algebra go. Define Qo = -^Go(l) C Q, and write Qo = LqNq. We will work with 
Gq/Qo for a class of maximal parabolic subgroup Qo whose Lie algebra qo is of quasi-Heisenberg 
type. (See Section 12.41 ) 

Let A = A(g,f)) denote the set of roots of g with respect to f). Write A+ for the positive 
system attached to b and denote by 11 the set of simple roots. We write Qa for the root space for 
a £ A. For each subset 5 C 11, let qs be the corresponding standard parabolic subalgebra. Write 
q5 = I5 © ns with Levi factor l^ = 1) © ®a&As S" ^"^"^ nilpotent radical n^ = 0Q,gA+\As 0"' where 
As = {a £ A\ a G span(n\5)}. If Qo is a maximal parabolic subgroup then there exists a unique 
simple root aq G 11 so that q = qr^ 1. Let Aq be the fundamental weight of a^. The weight Aq 
is orthogonal to any roots a with Qa C [I, I]. Hence it exponentiates to a character Xc\ of -^- As 
Xq takes real values on Lq, for s G C, character x^ = IXql* is well-defined on Lq. Let C^s be the 
one-dimensional representation of Lq with character x*. The representation x* is extended to a 
representation of Qo by making it trivial on Nq. It then deduces a line bundle Cg on Gq/Qq with 
fiber C-^s . 

The group Go acts on the space 

C^{Go/Qo,Cx') = {FG G°°(Go,Cx.) | Figq) = x'{q-^)F{g) for all 9 G Qo and 5 G Go} 
by left translation. The action of go on G?° {Gq/Qq, C^a) arising from this action is given by 

{Y.F){g) = ^^F{eM-tY)g)\,^Q (2-1) 

for Y G go, where the dot • denotes the action of the Lie algebra as differential operators. This 
action is extended C-linearly to g and then naturally to the universal enveloping algebra U{q)- 

Let iVo be the unipotent subgroup opposite to A'^o. The natural infinitesimal action of g on the 
image of the restriction map G^{Go/Qq,C^s) — ;. G^{Nq,C^s) induced by (12. ip gives an action of 
g on the whole space G'^{Nq,C^s). The line bundle Cg — )■ Gq/Qq restricted to Nq is the trivial 
bundle Nq x C^s — )• iVo. We shall work with the trivial bundle on Nq. By slight abuse of notation, 
we refer to the trivial bundle over Nq as Cs- 

2.2. The Qk systems. A systematic construction of systems of differential operators for the line 
bundle Cs — ?• Nq was established in [TJ] . In this subsection we summarize the construction of the 
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systems of differential operators. For a subspace W of g, we write A(H^) = {a G A | g^ C W} and 
n(l/F) = A(M/^) nn. We keep the notation from the previous subsection, unless otherwise specified. 
Let g = ©^=_r0(i) be a Z-grading on g with g(l) / 0. Take L to be the analytic subgroup 
of G with Lie algebra g(0). Observe that, as [g(0),g(j)] C g(j), each graded subspace g(j) is an 
L-module and so is g(— r + A;)(8)g(r). Write R for the infinitesimal right translation of go. As usual, 
we extend it C-linearly to g and then naturally to the universal enveloping algebra U{q). 

We build systems of differential operators in three steps as follows: 

Step 1: First, for 1 <k <2r, consider the L-equivariant polynomial map 

Tfc : g(l) -> Q{-r + k)® g(r) 
X^ (ad(X)^®Id)w, 

where w is the element in g(— r) ® g(r) defined by 

^= E ^;®^7r (2-2) 

7,eA(g(r)) 

Here X^^ are root vectors for 7^, and X* are the vectors dual to X.^- with respect to the 
Killing form k, namely, X*.(X^J := k(X*.,X^J = 5j^t with 5i^t the Kronecker delta. 

Step 2: Next, for an L-irreducible constituent W of g(— r + k) (^ 0(^)) consider the associated L- 
intertwining operator fk\w* £ Homi(H^*,'P'^(g)) defined by 

fk\w*{Y*){X)=Y*{Tk{X)), 

where W* is the dual space for W with respect to the Killing form k. Take an irreducible 
constituent VK of g(—r + /c) (g) g(r) so that fk\w* ^0. 

Step 3: Last, to the space W* dual to the space W taken in Step 2, apply the following algebraic 
procedure: 

W* ^^H* V\q{1)) = Sym'=(g(-1)) A U{n) 4 D(£,)". (2.3) 

Here, a : Sym (g(— 1)) — ;■ U{n) is the symmetrization operator and D(£s)" is the space of 
n-invariant differential operators for Cg- 

Let rifclvi^* : W* — )• D(£s)" be the composition of the linear maps described in ()2.3p . namely, 
^felvK* = Ro (J o fk\w*. For simplicity we write 0,k(X*) = Qf:\w*(Y*) for the differential operator 
arising from Y* £ W* . 

Now, given basis {Y*, . . . , y^} for W*, we have a system of differential operators 

nk{Y{),...,nk{Y:^). 

We call the system of operators the r^/dvi/* system. When the irreducible constituent W* is not 
important, we simply refer to each O^lvi/* system as an 0^ system. We may want to note that 
Jlfc systems are independent of a choice for a basis for W* up to some natural equivalence. (See 
Definition 3.5 of [14].) 
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The Qk systems are not confornially invariant for arbitrary complex parameter s G C for the 
Hne bundle Cs- We then say that an 0^ system has special value Sk if the system is confornially 
invariant on the line bundle Cg,.. 

2.3. The Q). systems and generalized Verma modules. Confornially invariant systems yield 
non-zero W(g)-homomorphisms between appropriate generalized Verma modules. Since the theory 
simplifies computations to find the special values of Qk systems, in this subsection, we review how 
confornially invariant 0,k systems induce such homomorphisms. 

We start with a well-known fact between homogeneous vector bundles and generalized Verma 
modules. A generalized Verma module Mq[£'] := U{q) '8'w(q) E is a ZY(g)-module that is induced 
from a finite dimensional simple q-module E. It is well known that if f — )■ Gq/Qq is the homogenous 
bundle with fiber E then there is a natural pairing between the space T{£) of smooth sections and 
generalized Verma module Mq[£'*], where E* is the dual space for E. (See for example [4] and [5].) 
Via this natural pairing, associated to the line bundle Cg is the generalized Verma module Mq[C_s], 
where C_s = C^x^ is the q-module derived from the Qo-representation (x^*,C) with dx = \- 

Now, given irreducible constituent W of Q{—r + k) <^ 0(^)1 we define an L-intertwining operator 
cjfclvi/* : W* — )• U(n) by a;;j|ty. = a o f\]y*, so that O^lvi/* = R o uiklw*- If writing (jJk{W*) = 
uJk\w*iW*) then we obtain the following diagram: 

W* (2.4) 

Mq [C_,] i '""^-^ U{n) ^ > nC-sf 

Uk{W*) ® C_, < 1 ujkiW*) I ^- - -^> {^kiY^), . . . , ^k{Y:k)}. 

where {Y^ , . . . , 1^} is a given basis for W* . Here we indicate by the squiggly arrow -w that the 
right differentiation R is only applied for the basis elements UkiY-l), . . . ^oJkiY^) in ijJk{W*). 

It can be seen from (|2.4|) that constructing the r2fc|^* system is equivalent to making the L- 
submodule oj^iyV*) ® C_s. Proposition 12.51 below shows that there is a further relationship. 

Proposition 2.5. [21 Theorem 19] The ^k\w* system is conformally invariant on the line bundle 
Csf. if and only if 

a;fe(VF*)®C_,, cMq[C_J", 

where Mq[C_s]" = {v e Mq[C_s] | X • t; = for all X G n}. 

It follows from Proposition 12.51 that if the f^fcl^y* system is conformally invariant on Cs^, then the 
L-submodule u:k{W*) (g) C-s^, induces a Z^(0)-module U{q) ^u(q) {^k{W*) C^s^.)■ The following 
proposition shows that this is indeed a generalized Verma module. 

Proposition 2.6. [ini Proposition 3.4 (1)] If W* has highest weight v then ujk{W*^ ® C_s ^s the 
simple L-submodule o/Mq[C_s] with highest weight v — sAq. 

Now it follows from Propositions 12.51 and 12.61 that a conformally invariant $7^ system induces 
a homomorphism from Mq[a;fe(W^*) ® C-s^.] to Mq[C_s^]. Indeed, if the 17^1 vi/* system is confor- 
mally invariant for Cg^, then, by Proposition 12.51 there exists inclusion map i G IIomi^(u;fc(VF*) ® 
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C_sj,,Mq[C_Sfc])- The inclusion map i then induces a non-zero Z//(0)-homomorphism 

^n, G Homi^(g),i(Mq[^fe(T^*)®C_,J,Mq[C_,J), 

that is given by 

M^[ojk{W*) ® C_,J ''^^ Mq[C_,J (2.7) 

u ® {uJk{Y*) ®l)^u- i{oJk{y*) ® !)• 

Observe that there is a quotient map from a (full) Verma module to a generalized Verma module. 
A homomorphism between generalized Verma modules is called standard if it comes from a ho- 
momorphism between the corresponding full Verma modules, and called non-standard otherwise 
( [E] ) • In the rest of this subsection, to study the standardness of the map 99^^. in (12. 7p , we give a sim- 
ple criterion to determine whether or not the standard homomorphism ipst^ '■ Mn[LOkiW*)(dC-Sk] — ^ 
Mq[C_sj.] is zero. To do so, it is convenient to parametrize generalized Verma modules by their 
infinitesimal characters. Therefore we write 

M^[C-s,x,] = M^{-Sk\ + p), (2.8) 

where p is half the sum of the positive roots. Similarly, if W* has highest weight v then, by 
Proposition 12.61 we write 

M^icokiW*) C_,J = Mq(i/ - SfcAq + p). (2.9) 

Now, if w := ujk{Y*) (g) 1 then ()2.7p is expressed by 

M,{u - SkX, + p) -f M,{-SkX, + p) (2.10) 

U® V ^^ u ■ i{v). 

To describe the criterion efficiently we recall a well-known definition for a link of two weights. 
Let (•, •) be the inner product on \]* induced from the Killing form k. Write a^ = 2a/(a, a). 

Definition 2.11. (Bernstein-Gelfand-Gelfand) Let X,5 £ I)* and /3i, . . . , f3t G A+. Set Sq = 6 and 
i^i = Sft ■ ■ ■ S|3-^^5 for 1 < i < t. We say that the sequence (/3i, . . . , (3t) links 6 to X if 

(1) 6t = X and 

(2) {di^i,(3^)eZ>oforl<i<t. 

Let M{rf) denote the (full) Verma module with highest weight rj — p. As usual, if there is a 
non-zero W(g)-homomorphism from M{r]) into M{Q then we write M[r]) C M{Q. If n([) denotes 
the set of simple roots a G H so that g^ C I then the criterion is given as follows. 

Proposition 2.12. \1Q\ Proposition 4.6] Let Mq{i' — SkXq + p) and M[^{—SkXq + p) be the generalized 
Verma modules in Ii2.10\) . Then the standard map from Mq(z^ — s^Aq + p) to Mq(— s^Aq + p) is zero 
if and only if there exists a^ £ n([) so that —a^ — s^Aq + p is linked to u — s^Aq + p. 
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2.4. The ^^2 systems associated to maximal parabolic subalgebras of quasi-Heisenberg 

type. In Sections [3] and [H and Appendix[Xl we study O2 systems associated to so-called maximal 
parabolic subalgebras q = l©n of quasi-Heisenberg type. More precisely we find their special values 
and determine the standardness of the maps ^p^^ . Then, in this subsection, we recall from [14J some 
observation on the ^2 systems associated to such maximal parabolic subalgebras. 

First, we recall from [14j that a parabolic subalgebra q = [©n is called quasi-Heisenberg type 
if its nilpotent radical n satisfies the conditions that [n, [n, n]] = and dim([n, n]) > 1. Let a^ be 
a simple root, so that the maximal parabolic subalgebra q = qja^} = I ® n determined by a^ is of 
quasi-Heisenberg type. Given Dynkin type T of g, if we write T{i) for the Lie algebra together 
with the choice of maximal parabolic subalgebra q = (\{ciA determined by Oj then the maximal 
parabolic subalgebras q = [ © n of quasi-Heisenberg type are classified as follows: 

Bn{i) (3 < i < n), C„(i) (2 < i < n - 1), L>„(i) (3 < i < n - 2), (2.13) 

and 

E^{?>), Eg{5), E-j{2), E7{6), Es{1), Fi{4). (2.14) 

Here, the Bourbaki conventions [3] are used for the labels of the simple roots. Note that, in type 
An, any maximal parabolic subalgebra has abelian nilpotent radical, and also that, in type G2, the 
two maximal parabolic subalgebras are of either 3-step nilpotent type or Heisenberg type. 

We next observe that a maximal parabolic subalgebra q of quasi-Heisenberg type induces a 2- 
grading on q. As q has two-step nilpotent radical, if Aq is the fundamental weight for a^ then, for all 
/? E A, the quotient 2(Aq,/?)/||aq|p takes the values of 0, ±1, or ±2. (See for example Section 4.1 of 
[14].) Therefore, if H^^ is the element in f) so that /3(i?q) = 2(Aq, /3)/||aq|p for all /3 G A, and if q{j) 



is the j-eigenspace of ad(i:fq) on g then the adjoint action of Hq induces a 2-grading q = ■ _2 q{j) 
on g with parabolic subalgebra q = 0(0) © §(1) © 0(2), where I = g(0) and n = 0(1) © 0(2). The 
subalgebra ri, the nilpotent radical opposite to n, is given by tl = 0(— 1) © 0(— 2). Here we have 
0(2) = 3(n) and 0(— 2) = ^(tl), where ^(n) (resp. 3(n)) is the center of n (resp. fl). Thus we denote 
the 2-grading on by 

= 3(n)©0(-l)©l©0(l)©3(n) (2.15) 

with parabolic subalgebra 

q = [©0(l)©3(n). 

Now, for 1 < A; < 4, the maps r^ associated to the grading (J2.15P are given by 

rfc:0(l)^0(-2 + A;)©3(n) (2.16) 

k\ 
with 

u= Yl X;,^X,^. (2.17) 

7jeA(3(n)) 
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In particular when k = 2, we have 

r2:0(l)^[^3(n) (2.18) 

The ^2 systems, the systems of differential operators that we study, are constructed from the T2 
map. 

By construction the Q2 systems arise from irreducible constituents W^ of I 3 (n) so that -f2 1 w* 
is not identically zero. (See the procedures described in Subsection 12.21 ) Since such irreducible 
constituents play a role to determine the special value of the il,2 systems, for the remainder of this 
section, we recall from [H] the observation on [ and irreducible constituents W* with f2|iy ^ 0. 

We start with the structure of I = ^(Q ® [I, [], where 3(1) is the center of [. First, observe that 
3([) is one-dimensional. Indeed, we have 3([) = f]^^jjn\kev{a) with n([) = n\{aq}. As [ = 0(0), 
a{Hq) = for all a G A([). Thus H^ is an element of 3([), and so we have 3(1) = CH^. 

To observe the semisimple part [I, I] of [, let 7 be the highest root for g. If g is not of type 
An then there is exactly one simple root that is not orthogonal to 7. If a^ is the unique simple 
root then q' = q{a^} is the parabolic subalgebra of Heisenberg type, that is, its nilpotent radical 
n' satisfies dim([n',n']) = 1. Hence, if q = q{oq} is a parabolic subalgebra of quasi-Heisenberg type 
then a-y is in n([) = n\{aq}. The semisimple part [[, [] is either simple or the direct sum of two or 
three simple ideals with only one simple ideal containing the root space Qa^ for a^. We denote by 
[-y the unique simple ideal containing Qa^. Similarly, when [[, [] consists of two (resp. three) simple 
ideals, we denote the other simple ideas(s) by [^7 (resp. l^ and [~ ). The three simple factors 
occur only when q is of type Dn{n — 2). So, when q is not of type Dn{n — 2), the Levi subalgebra 
[ may decompose into 

i = CH^®l^eln^. (2.19) 

Similarly, when q is of type Dn{n — 2), one may write 

[ = C/7q ® [^ ® [+^ ® [-^. (2.20) 

Note that when [[, [] is a simple ideal, we have In-y = {0} ([^^ = {0}). It follows from the decompo- 
sitions ()2.19p and ()2.20p that the tensor product l(8>3(n) may be written as 

t®3(n) = 

J (CFq (g) 3(n)) ® (^ 3(n)) ® ([„^ 3(n)) if q is not of type Dn{n - 2) 

\ {CH^ 3(n)) ® ([^ 3(n)) ® {l+^ ® 3(n)) © ([-^ 3(n)) if q is of type Dn{n - 2). 

To build an i^2 system, it is necessary to choose an irreducible constituent W mli^^{n) so that 
the L-intertwining map 

is not identically zero. Now we give a necessary condition for irreducible constituents W so that 
T2\w* ^ 0. To do so, for i/ € f)* with {u,a^) G Z>o for all n([), we denote by V{v) the simple 
[-module with highest weight J^|(,n[[,i]- 
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Suppose that I(8'3(n) has irreducible constituent V{i'). If the hnear map f2|T^, -,* : V{i')* — )• 
V'^{q{1)) is not identicahy zero then, via the isomorphism '^'^(^(l)) = Sym^(g(l))*, V{iy) should 
be an irreducible constituent of Sym^(0(l)) C 0(1) 0(1)- In particular if /i is the highest weight 
of 0(1) then 1/ is of the form i^ = fj, + e for some e G A(0(1)). It was shown in Lemma 4.14 of p31 
that the highest root 7 is of this form. However, it follows from Proposition 6.5 of [H] that V{'y) 
does not occur in Sym (0(1)). Based on this observation we give the following definition. 

Definition 2.21. [HI Definition 6.7] An irreducible constituent V{iy) ofl0^{n) is called special^ 
if V{u) satisfies the following two conditions: 

(CI) 1/ = ^ + e for some e G A(0(1)). 

(C2) u^j. 

It is shown in Section 6 of [U] that, for q not of type Dn{n — 2), there are exactly one or 
two special constituents of I (g) 3 (n) ; one is an irreducible constituent of [^ (8) 3 (n) and the other 
is equal to [„^ (gi 3(n). We denote by V{^ + e^) and V{^ + e„^) the special constituents so that 
V{^ + e^) d [^ ® i{n) and V{^ + e„^) = ia^ ® l{^)- It will be shown in Appendix |A] that if q is 
of type Dn{n — 2) then there are three special constituents, namely, V{^ + e^) d [^ <^ 3(n) and 

To compute the special values of Q.2 systems efficiently, the special constituents V{^ + e) are 
classified as type la, type lb, type 2, or type 3 as follows: 

Definition 2.22. \14\ Definition 6.20] Let fi be the highest weight for 0(1). We say that a special 
constituent V{fi + e) is of 

(1) type la if 11 + e is not a root with e ^ fi and both fi and e are long roots, 

(2) type lb if fi + e is not a root with e ^ fi and either jj, or e is a short root, 

(3) type 2 if n + e = 2fj. is not a root, or 

(4) type 3 if fi + e is a root. 

Table [1] in the introduction shows the types of special constituents. A dash in the column for 
V{fi + e„^) indicates that [„^ = {0} for the case. (So there is no special constituent V{n + e„^).) 

In Sections [3] and U we find the special values of the ^2 systems coming from special constituents 
of type lb and type 3, respectively. The following proposition will play a key role to determine the 
special values. 

Proposition 2.23. Let V{fi + e)* be the dual module of an irreducible constituent V{fi + e) of 
[(8)3(n) so that the operator ^2\v(ii+e)* ■ ^(M + f)* ~^ 0{Cs)" ^s non-zero. If X^ is a highest weight 
vector for 0(1) and if Yj* is a lowest weight vector for V{fi + e)* then the ^2\v(p+e)* system is 
conformally invariant on Cs if and only if in Mq[C_s] 

X^ ■ {i02{Yi*) ® 1_,) = 0. (2.24) 



There is a certain discrepancy on the terminology "special constituents". See the comments in the introduction 
on this matter. 
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Proof. Observe that, by Proposition 12.51 the ^2\v{ii+e)* system is conformaUy invariant if and only 
if, for ah X G n and Y* G V{fi + e)*, 

X ■ {uj2iY*) 1-.) = Xoj2iY*) 1_, = 0. (2.25) 

Therefore, to prove this proposition, it suffices to show that (j2.24p imphes (j2.25p . Since the argu- 
ments are similar to ones for Proposition 7.13 with Lemma 3.9 and Lemma 3.12 of [14], we omit 
the proof. D 



3. Type 1b special constituent 

In this section we study the il.2 system associated to the type lb special constituent. It follows 
from Table[T]in the introduction that the type lb special constituent occurs only when the parabolic 
subalgebra q is of type Bn{n — 1). The simple root a^ that determines the parabolic subalgebra q 
is then aq = a„-i. We write Aq = A„_i for the fundamental weight Aq for a^. The deleted Dynkin 
diagram for q is 



with connected subgraphs 



o o . . . o g> r -" 

Ql a2 an-2 Qn-l "n 



-O . . . O O 



ai 02 «3 an-2 Oin- 

(For the definition of deleted Dynkin diagrams see for instance Section 4.1 of [14].) Since 02 is the 
unique simple root that is not orthogonal to the highest root 7, it follows from the subgraphs that 
[^ = s[(n — 1,C) and [„-y = s[(2, C). Recall from Tabled] that the type lb special constituent of 
[ (S" 3(n) is the irreducible constituent V{^ + e„-y) = In'y <S) 3(n). 

3.1. The T2|i/(/x+e„ )* map- We start with observing the L-intertwining operator f2\v{^+e„ )• • 
V{fi + 6^7)* — ^ ^^(0(1))- To do so we first fix convenient root vectors for q so that certain 
computations will be carried out easily. Observe that, as q is of type Bn{n — 1), the Lie algebra g 
under consideration is g = 50 (2n + 1, C). We take fi to be the set of block diagonal matrices 

«,.,...,M^dia,((4 ^'-).[_l 'S^),^^.(l„ 'J»),0 

with hj G C and i = \/— 1. The positive roots are A"*" = {e^ zte^ \ ^ < j < k < n}u{ej | 1 < j < n} 
with ej{H{hi, . . . , /i„)) = hj. We take the root vectors X^ as follows: 

(1) a = ±{ej±ek) {j < k): 

j k 

^-- -M k 
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Table 4. The values of Na^i3 for roots a and /? for so(2n + 1,C) with mdices 
i < j < k when a + /3 is a positive root 



Formula 


a 


P 


Na,p 


(1) 


ei + £k 


Ej - Ek 


-1 


(2) 


ei -£k 


£j + £k 


-1 


(3) 


Ei+Ek 


-Ej - Ek 


+ 1 


(4) 


ei-Ek 


-Ej + Ek 


+ 1 


(5) 


Ei + Ej 


-Ej + Ek 


-1 


(6) 


Ei - Ej 


Ej + Ek 


+ 1 


(7) 


Ei + Ej 


-ej - £k 


-1 


(8) 


Ei - Ej 


Ej - Ek 


+ 1 


(9) 


Ei + Ej 


-£i + £k 


+ 1 


(10) 


-Ei + Ej 


ei + ek 


+ 1 


(11) 


Ei + Ej 


-ei - ek 


+ 1 


(12) 


-Ei + Ej 


ei -ek 


+ 1 


(13) 


^3 


-ej + ek 


-1 


(14) 


-^3 


ej + ek 


-1 


(15) 


£k 


ej - ek 


-1 


(16) 


-£k 


ej + ek 


+ 1 


(17) 


^3 


ek 


-1 


(18) 


^.i 


-ek 


+ 1 



Er,-F,, = - . -, , E, 



with 

^-e.+efe = 2 (^_i _ij ' ^-^.-=fe = 2V-i 1 

where Xa denotes the matrix whose entries are all zero except the jth and A:th pairs of 
indices. 



(2) a = ±Ej: 



X^ 



j 2n + 1 

Va\ j 
-vi / 2n + 1 



with 



''^ = 7=2 (-0 ' '-'^ = 7=2 (-V ' 



where Xq, denotes the matrix defined similarly to the previous case. 

For a, /3 G A with a + /3 7^ 0, let Na^jj denote the constant so that [Xq, X^] = Na,/3Xa+/3- Table 
H] summarizes the values of Na^i3 for a + /3 a positive root. The constant A^^^,/? satisfies the property 
that N_a-j3 = —Na^p. (See for instance Theorem 6.6 in [12j.) Thus the values of Na^p for a + /3 
a negative root can also be obtained from Table HI Here, we would like to acknowledge that for 
the cases for a, fi long roots (Formulas (1)-(12)), we simply adapt Knapp's beautiful multiplication 
table in Section 10 of 1 131. 
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For a G A+ we set Ha = [Xa,X^a]', namely, we have 

j k 



and 



He^=d[ag(o,...,0,(^^ M,0,...,0,j. 

Now observe if T{X,Y) := Tt{XY) then r(X„,X__„) = 2 for ah a G A+. As the restriction 
^(■j Olfjoxfjo to a real form 1)q of f) is an inner product on f)o, the trace form T{-,-) is a positive 
constant multiple of the Killing form k.{-,-). If bo is the non-zero constant so that k{X,Y) = 
boT{X,Y) then K{Xa,X^a) = 26o for all a £ A+. Thus the dual vectors X* for Xa with respect 
to the Killing form are X* = (l/(26o))X_a. 

Now the element uj in (12.17P is given by 

7,eA(3(n)) ° 7ieA{5(n)) 

Thus the map T2{X) in (|2.18|) may be expressed as 

T2iX) = ^(ad(X)2 ld)uj = -J- J]; ad(X)2x_^^ X^^. (3.1) 

7,eA(3(n)) 

Proposition 7.3 of ^^ showed that when q is of type Bn{n — 1), the T2 map is not identically zero. 

To construct differential operators from V{fi + e„^)*, it is necessary to show that the linear 
map f2|y(^+e^ ). : V{fj. + e„^)* — )• ^^(0(1)) is not identically zero. (See Step 2 and Step 3 in 
Section 2.2.) We shall prove this by showing that f2{Y*){X) is a non-zero polynomial on g(l) 
for some Y* in V{fj, + en-y)*- To this end observe that, as discussed in Section 2.4, we have 
V{fi + eny) = in-y O d{n). Therefore V{fi + en^,)* = t;^ ^(n)* = [„^ ^(n). Since 7 G A(3(n)) 
and Inj = sj)anQ{Xa„,Ha^,X_an}: we have X*^ G [^7 and X* G 3 (it); therefore X*^ (g) X * G 
ln7«'3(i^) = V'(;u + e„^)*. 

Proposition 3.2. // q = I© n is i/ie parabolic subalgebra of type Bn{n — 1) then the L -intertwining 
operator f2|y(^+e„ )* is not identically zero. 

Proof. We show that f2(X*^^ ® X*){X) is a non-zero polynomial on 0(1). As X* denotes the 
dual vector for X^ with respect to the Killing form k, by p.ip . the operator f2(X*^ (g) X*)(X) = 
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(X*„0X;)(T2(X))isgivenby 

Uxi^®x;){x) = {xi^®x;){t2{x)) 

-^ Y, Kix:^,ad{xfx^^^)Kix;,x 

1 



K(X;„,ad(X)2x_^) 

o 

1 



\2 



- ^^^KiX.^„,ad{XyX^^). (3.3) 

Write X = YlaeA(g(i)) VaXa, where rja G n* is the coordinate dual to Xa with respect to the Kilhng 
form. If VF C is an ad(f))-invariant subspace then, for any weight v £ t)* , we write 



Then, 



A^{W):={aeA{W)\u-aeA}. (3.4) 



33D = -^K(X_,„,ad(X)2x_, 



-^ Yl r]isr]sn{X^ar,,[Xs,[Xp,X^^]]) 
° /3,5eA(g(l)) 

^ Y ripmi^{[X-a,,,Xs\,[Xp,X_^]]) 



° a,/3eA(s(l)) 

° /3eA^(g(l)) 
5eAc„(8(l)) 

One may observe that K{Xs-a„.,Xp^^) 7^ if and only \i 5 = ari + ^ — fi ^ A{q{1)). If we write 

e(/3) = a„ + 7-/3 (3.6) 



then 



32D = ^ X] ^/3%^^/3-7^-a„,5/^(^5-a„,^/: 



° /3eA^(0(l)) 
5gA<,„(0(1)) 

^ X] '7/3%(/3)^/3,-7A^-a„,e(/3)'^(-'^0(/3)-Q„,-'^/3-7) 

° /3GA^(g(l))nA<,„+^(0(l)) 

^ XI ^/3^e{/3)^/3,"7^-an,e(/3)«:(-'^7-/3)-'^/3-7) 

° /3eA^(g(l))nA<,„+^(g(l)) 

^ X ^/3%(/3)^/3,-7A^-a„,0(/3)'^(-'^^-7,-'^/3-7) 

° /3GA^(0(l))nA„„+^(g(l)) 

^ X ^/3%(/3)^/3,-7^-an,e(/3) 

° /3GA^{0{l))nA^„+^(g(l)) 

^ E ^^^,-7^^-..,^(^)'^(^'^^)'^(^>^.V))- (3.7) 

° /3eA^(0(l))nA„„+^(g(l)) 
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As a„ = £„ and 7 = ei + £2, by inspection, we have 

A^(3(l)) = {ei ±e„,e2 ±e„}u{ei,e2} and Aa^+^(0(1)) = {ei +e„,e2 + e„} U {ei,e2}- 

In particular, AQ,^+^(g(l)) C A^(g(l)). Therefore, 

Therefore we obtain 

Since AQ,^+^(g(l)) = {ei +en,£2 + £«} U {£1,62}, this reads 

f2(x:„^x;)(x) 

= ^ E iV/3,-,iV-a„,e(/3)'^(^,^^)'^(^,^e(/3)) (3-8) 

° /3eA„„+^(0(i)) 

1 

+ (-1)(-1)k(X,X,;+,Jk(X,X*J(1)(1)/.(X,X;Jk(X,X*^+,J) 

= ^('^(^,^e;+.J^(^,^;j - '^(^,^.%.J^(^,^;j)- (3.9) 

Therefore f2(X*^ (g) X*)(X) is a non-zero polynomial on 0(1). □ 

3.2. The special value of the il2|y(^+e„ )* system. Now we find the special value of the 
J^2|y(/t+e„ )* system. To do so we use Proposition 12.231 To this end recall from Section 2.3 the 
linear map uj2\v {,i+e„^)* ■ ^(/" + ^n^T -^ ^{^) defined by i02\v {,i+e„j)* =^° ^2|y{/.+e„^)*, where a : 
Sym^(0(— 1)) — )• U{n) the symmetrization operator. (Here we identify V'^{g{l)) = Sym^(0(— 1)).) 
If 

then, by ([SSD, MYi*) := cJ2\v(f,+e„-,riYi*) is given by 

uj2{Yn = Abl{a{X:^^,^X*J - a(X;^+,„X*J). 

As the dual vector X* for X^ with respect to the Killing form is X* = (1/26o)X_q,, this amounts 
to 

(^2{Yi*) = cr(X_(g2+g^)X_eJ - cr(X_(£^+g^)X_£2). 



iii){-i)K{x,x:^^,jK{x,x:j + {-i){i)K{x,x:jKix,x:^^,^ 
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Moreover, since ei + 82 + Sn ^1 the symmetrization is unnecessary. Therefore we obtain 

iV2iYn = X„(,,+,„)X„,, - X_(,^+,„)X_,,. (3.10) 

Now we are going to determine the special value of the Q2\v{ti+e„ )* system. 

Theorem 3.11. Let q be the maximal parabolic subalgebra of type Bn{n — 1). The VL2\v(ii+en )* 
system is conform,ally invariant on Cg if and only if s = 1. 

Proof. Observe that, as X^^ X^ is a highest weight vector for [„^ 3(n) = V{fi + £717)1 ^a^ ® ^7 
is a lowest weight vector for y(/i + e„-y)*; consequently, Yj* is a lowest weight vector for l/(/i + e„-y)*. 
Therefore, by Proposition 12.231 to find the special value for the Q2|y(/i+e„^)* system, it suffices to 
determine s S C so that X^ ■ {uj2{Yi*) l_s) = for /i the highest weight for 5(1). By inspection, 
we have n = ei + e„. (See Appendix[Bj) Thus we compute X^^+j^^ • {uj2(Yi*) l_s). 
It follows from (l3lTO that 

X,,+,„ • {uj2(Yi*) (g) 1_,) = X,,+,„X_(,^+,„)X_,, (g> 1_, - X,,+,„X_(,^+,„)X_,, (g) 1_,. 

We observe from the second term. By the standard computation, we have 

T2 = -Xei+£„X_(£^_,_£^)X_£2 '^ 1-s = -H£i+£„X^e2 '^ 1-s = sXn-l{Hs-^+eJX^e^ (g) l_s. 

Observe that since A„_i = J21=i ^j-> ^^ have A„_i(ffej+£„) = 1. Thus, 

Ta = s\n-i{He^+e^)X^e2 ® 1-s = S^-ea ® '^s- 
Similarly the standard computation shows that the first term amounts to 

Ti = X,,+,„X_(,2+,„)X_,, ® 1_, = -X^e, ® l-s- 

Therefore, 

X,,+,„ • {uj2{Yn ® 1-s) = Ti + T2 = (s - 1)X_,, ® 1_,. 
Now the assertion follows from Proposition 12.231 D 

Remark 3.12. Theorem 7.16 in |14j shows that the special values S2 for the ^2 systems associated 
to type la special constituents V{^ + €) are given by S2 = (|A^_|_e(g(l))|/2) — 1, where |A^+e(0(l))| 
is the number of elements in A^+e(0(l))- Now since A^+e„^(3(l)) = Aq„+^(0(1)) = {ei +£„,-, £2 + 
£„} U {ei,e2}, the special value S2 may be expressed as 

|A^+,„^(g(l))| 

.2 = I = ^ 1. 

Thus the special value S2 for the Vt2 systems associated to type la and type lb special constituents 
can be given in the same formula. 

3.3. The standardness of the map ipo,^. In the rest of this section we determine whether or not 
the map (/jqj coming from the i^2|y(^+e„ )• system is standard. 

Observe that, as F(/x + e„-y) = [„^ (g ^(n) and as the highest weights for [„^ and ^(n) are e„ and 
— e„-2 — En-i) respectively, we have 
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By Theorem 13. m the special value S2 for the il,2\v{ii+en )• system is S2 = 1- Therefore, by ()2.10p . 
the Q,2\v{tM+e„ )* system yields a non-zero Z^(0)-homomorphism 

ipn^ : M(,((-e„_2 - £n-i + £■«) - K-i + p) ^ M(,(-A„_i + p). (3.13) 

Theorem 3.14. If q is the maximal parabolic suhalgehra of type Bn{n — 1) then the standard 
map ipstd between the generalized Vernia modules in i3.13\) is zero. Consequently, the map (fQ^ is 
non-standard. 



Proof. To prove this theorem, by Proposition 12.121 it suffices to show that there exits ai, £ n([) so 
that —a^ — A„_i + p is linked to (— e„-2 — ^n-i + £«) — A„_i + p. Observe that 

— era-2 — En-l + ^n = " 2(e„_i — £„) — (en-2 " ^n-l) " ^n 

with En-i — £n ^ ^(0(1)) ^^^ ^n-2 " £n-i,£n G n([). (See Appendix IBI) We claim that (en-2 — 

£„_!,£„_! - En) hnks -£n - A„_i + p tO (-£,1-2 " £n~l + ^n) " A„_i + p, that is, 

Se„-l-£„S£„_2-£n-i(~^™ ~ An-1 + P) = {-^n-2 - ^n-l + ^n) - An-1 + P 

with 

{—£n — A„_l + p, {£n-2 — En-l) ) £ Z>0 

and 

(Se„_2-en-i(~£n — A„„i + p), (e„_i — £«) ) G ^>0- 

One can easily verify that these indeed hold. Now the theorem follows. D 



4. Type 3 special constituent 

In this section we study the ^2 system associated to the type 3 special constituent. It follows 
from Table [1] in the introduction that the type 3 special constituent occurs only when the parabolic 
subalgebra q is of type Cn{i) for 2 < i < n — 1. The simple root Oq that determines the parabolic 
subalgebra q is then Oq = Oj. We write Aq = Aj for the fundamental weight Aq for a^. The deleted 
Dynkin diagram for q is 



O— 
with connected subgraphs 



-Ol- 



-jO- 



ttj-i ai 



Oj+l 



-O^ 



O^n—l Oiri 



O— 



-O- 



-O- 



a2 as 



—O 

ai-i 



O- 



"i+i 






Since ai is the unique simple root that is not orthogonal to the highest root 7, it follows from the 
subgraphs that [^ = 5l{i,C) and [„-y = 5p{n — i,C). Recall from Table [1] that the type 3 special 
constituent of [(g)3(n) is the irreducible constituent y(p + e-y) C ^ (8>3(n). 

As in Section [3l our first goal is to show the L-intertwining operator f2\v{ij.+e )* is not identically 
zero. To do so we again fix convenient root vectors for q. Observe that, as q is of type Cn{i), the Lie 
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Table 5. The values of N^^p for roots a and /3 for sp(2n, C) with indices i < j < k 
when a + /3 is a positive root 



Formula 


a 


/? 


Na,p 


(1) 


ei + £k 


Ej - Ek 


-1 


(2) 


ei -£k 


£j + £k 


+ 1 


(3) 


Ei+Ek 


-Ej - Ek 


+ 1 


(4) 


ei-Ek 


-Ej + Ek 


+ 1 


(5) 


Ei + Ej 


-Ej + Ek 


-1 


(6) 


Ei - Ej 


Ej + Ek 


+ 1 


(7) 


Ei + Ej 


-ej - £k 


+ 1 


(8) 


Ei - Ej 


Ej - Ek 


+ 1 


(9) 


Ei + Ej 


-£i + £k 


-1 


(10) 


-Ei + Ej 


ei + ek 


+ 1 


(11) 


Ei + Ej 


-ei - ek 


+ 1 


(12) 


-Ei + Ej 


ei -ek 


+ 1 


(13) 


Ei + Ej 


ei - ej 


-2 


(14) 


Ei + Ej 


-Ei + Ej 


-2 


(15) 


2e, 


-ej + ek 


-1 


(16) 


2ej 


-ej - ek 


+1 


(17) 


2Ek 


ej - ek 


-1 


(18) 


-2Ek 


ej + ek 


+1 



algebra q under consideration is g = sp(n, C). For 1 < j < n, we write j = j + n. If Eat denotes the 
matrix with 1 in the (a, b) entry and elsewhere then we take P) to be the set of diagonal matrices 

H{hi, . . . ,hn) = hi{Eii — E'jj) + • • • + hn{Enn — Efifi) 

with hj G C. The positive roots are A+ = {ej ± e^ | l<j<k<n}U {2ej \ 1 < j < n} with 
Ej{hi, . . . , hn) = hj. We take the root vectors Xa as follows: 



^£j-£fc 


= Ejk - Ej,j 


Xe,+ek 


= ^3k + Ekj 


-(ej+Sk) 


= ^3k + E-k, 


X2e, 


= %' 


X-2e, 


= ^33- 



For a, /? G A with a+/3 ^ 0, we again denote by N^^/s the constant so that [Xa, Xi^] = Na^pXa+p. 
Table [5] summarizes the values of N^^p for a + /3 a positive root. 

For a £ A^ we set Ha = [Xq,,X_q,]. Namely, 

He,±ek = (Ejj - E'.'.) ± {Ekk - Ej^f,) and H2e^ = Ejj - Ey.. 

Now observe that if T{X,Y) := Tr{XY) then, as T(-, Olfjoxfjo is an inner product on a real form 
[}o of f), there exists a positive constant Cq so that k{X,Y) = CoT{X,Y). Since T{Xa,X^a) takes 
the value of one for a long and two for a short, we have 

.iXa,X.a) = h ^f«^^l°^S (4.1) 

2co if a is short. 
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Thus the dual vector X* for X^ with respect to the KilUng form is given by 

X* = /(Vco)^-a if a is long 

I (l/(2co))X_a if a is short. 

Now if A(3(n))iong (reps. A(3(n))short) is the set of long roots (reps, short roots) in A(3(n)) then 
the element u in ()2.17p is given by 



7jgA(3(n)) 

= 1 Yl ^-7. ^^7.+^ E ^-7.®^7r (4-3) 

Observe that A(3(n)) = {ej + Ek \ 1 < j < k < i} U {2ej \l<j<i}. Thus, 

A(3(n))iong = {2ej | 1 < j < i} and A(3(n))short = {ej + ^fc I 1 < i < ^ < «}• 
Therefore, ()4.3p reads 

1 * 1 

" i=i ° i<i<fc<» 

Thus the T2 map in (j2.18p may be expressed as 

T2iX) = ^{adiXf0M)io 

= ^E^d(X)2x_2.,®X2., + ^ E ad(X)2x_(,^,+,^)C5X,^.+.,. (4.4) 

" i=i ° i<i<fc<i 

As for the case that q is of type Bn{n — 1), Proposition 7.3 of [13] showed that the T2 map is not 
identically zero. 

4.1. Lowest weight vector for V{fj, + e^)*. As for the case of type lb special constituent it is 
necessary to show that the linear map f2\v{fj.+e )• • ^(/" + ^7)* ~^ "^^(0(1)) is not identically zero. 
We will again achieve it by showing that f2{Yi*){X) is a non-zero polynomial on 0(1), where Yj* is 
a lowest weight vector for V{^ + e^)*. 

When a special constituent is of type lb, as V{fj. + €^7) = In-y ® 3(1^), it was easy to find a lowest 
weight vector for V{ij: + e„^)*. In contrast, in the present case, since V{fi + e-y) C [^ (g) ^(n), we 
cannot use the same idea. So our first goal is to find an explicit form of a lowest weight vector for 
V{fi + e^)*. To do so we now observe a highest weight vector for V{fi + e^). 

If prj ^,j^\ : [ (g) 3(n) — )■ [^ ^(n) is the projection map from [ (g 3(n) onto [^ tX" 3(n) then we claim 
that pr( ^,j^\{t2{X^ + X^^)) is a highest weight vector for V{fi + e^). The following two technical 
lemmas will simplify the expositions of the proof. 

Lemma 4.5. For Z G [ and Xi, X2 G 0(1), we have 

Z • (ad(Xi)ad(X2) Id)w = ((ad([Z, Xi])ad(X2) + ad(Xi)ad([Z, X2])) g) Id)w, (4.6) 

where dot (•) denotes the usual Lie algebra action on tensor products. 
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Proof. As this lemma simply follows from the arguments used in the proof for Proposition 7.5 of 
|14| . we omit the proof. D 

Lemma 4.7. We have 

= 2 (P'^i7®3(n)(a^(^/^)^d(^^7) "^ Id)w) + pr^g3j(„)(ad(X,Jad(X^) (g) Id)w)). 
Proof. Since 



((ad(X^)2 ^ Id)w + (ad(X^)ad(X,J Id) 



CO 



+ (ad(X,Jad(X^) «) Id)w + (ad(X,j2 ^ m)^), (4.8) 

we have 

pr^®3(n)(T2(^A' + ^^7)) = 2 (P^i7»3{")(^^(^^)^ '^ ^^^'^^ + Pr^®3(n)(ad(X^)ad(Xe^) (^ Id)w) 

+ Pr(^®3(n) (ad(X, Jad(X^) (» Id)a;) + pr|^^3(n) (ad(X, J^ ^ id)a;)) . (4.9) 
Observe that pr( ^^/^)(ad(X^)^(8'Id)a;) = 0. Indeed, as fi = ei +ej+i and uj = (1/co) X]j=i "'^-aej ^ 

X2e, + (l/2Co) El<j<fc<» ^-iej+Sk) ® ^e,+efc (§66 (I13D), we have 

(ad(X^)2 Id)a; 

1 * 1 

= 7 Z] ad(X,,+,,^ J2^_2.,. (g) X2e, + ^ J^ ad(Xei+,,+ J2^_(,^,+,,) X,^+e, 

° i=i ° i<i<fc<i 

= —ad{Xe^+e,+if X^2ei ® ^26^ 

= — ^ei+£i+i -2eiA''ei+£i+i,-ei+£i+i-'^2ei+i ® X2£^. 
Co 

Clearly, ^2e,+i '8-^2ei ^ fn7'8 3(Ti). Thus, pr( ^^/„)(ad(X^)^ (g)Id)w) = 0. It can be shown similarly 
that pr[ ^j/„)(ad(Xe^)^ (g) Id)cj) = 0. Now the proposed equality follows from (14. 9p . D 

Proposition 4.10. The vector pr, ^ t^\{T2{X^ + X^^)) is a highest weight vector for V{fi + e-y). 

Proof. We start with showing that pr; f^^/^\{T2{X^ + X^^)) has weight /i + e^. Since the [-action 
commutes with the projection map pr( ^^f„), by Lemma 14.71 for H & [) C I, we have 

H ■ P%ig,^(^„)iT2{X^ + X,^)) 

= 2 (P^i7®3(n)(^ • ad(X^)ad(XeJ (g) Id)u;) + pr^^3(„)(i? • ad(XeJad(X^) Id)a;)) 

= ^ (Pr^®3(n) ((ad([^, X^])ad(X, J + ad(X^)ad([/7, X, J)) ® Id)a.) 
+ pr^^^(„) ((ad([F, X,J)ad(X^) + ad(X,Jad([//, X,,])) $D Id)a;)) 

= ^ 2 (P^i703(n)(ad(^M)ad(X,J » Id)w) + pr^^3(„)(ad(X,Jad(X^) M)uj)) 

= (/i + e^)(i?) pr(^g3,(„)(r2(X^ + X,J). 
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Note that Lemma 14.51 is applied from line two to line three. 

Next we show that prj g,j(„-)(r2(X^ + X^^)) is a highest weight vector. Let a S n(Q. As the 
[-action commutes with pr; ,g,j(n), we first observe Xa • T2{X^ + X^^). It follows from (|4.8p that 
Xa ■ T2{X^ + Xe^) is givcn by 



X^-T2{X^ + X,^) 

= \{Xa- (ad(X^)2 ® lA)oj + Xo, ■ (ad(X^)ad(XeJ ® Id)a; 
+ X^ ■ (ad(XeJad(X^) ® ld)u + X^ ■ (ad(X,j2 ^ jd)^) 



\i Z = Xa in (|4.6p then, as [Xa,Xp] = 0, we obtain 



Xa ■ T2(X^ + X,_^) 
1 



2 ^ad(X^)ad([X„,XeJ) Id)w + (ad([X„,X,J)ad(X^) » Id)w 

+ (ad([X,,X,J)ad(X,J 0ld)^+ (ad(X,Jad([X,,X,J) ®Id)w. (4.11) 



Recall from Tables 2 and 4 in Section 6 of [H] that we have // + e^ = ei + £2 with /u = ei + Ej+i 
and e^ = £2 — £1+1- Since n([) = {ej — Sj+i : 1 < j < n — 1 with j 7^ i} U {2e„}, it follows that 
a + e^ G A if and only if a = ei — £2- So it suffices to consider the case that a = ei — 82- As 
(£1-62) + 2(62 -Sj+i) ^ A, we have ad(Xe^_e2)ad(Xe2_£.^J = ad(Xe2_e^_^Jad(Xej_e2). Therefore, 
if Q = £1 — £2 then, as fi = £1 + Sj+i and e-y + a = ei — ffi+i, (14. lip becomes 



-'^ei-£2 • T2{Xei+ei+i + X^ 



£2-£i + ly 



= ^"' 'y ^'+^ ((ad(X,,+,,^Jad(X,,_,,^J^Id)a; + (ad(X,,_,^^Jad(X,,+,^^J ® Id)a. 

+ (2ad(Xe,_,,+Jad(X,,_,,^J Id)u;J . 

Table [5] shows that A^£^_£2,e2-£i+i = 1- Therefore, 



X£i-£2 ■ T2(Xe-^+£.^-^ + X£2-£i+i 
1 



2 1 vad(Xe,+e^^Jad(X£,_£^^J ® Idjcj + (ad(Xs,_e^+Jad(X£^+e^+J ® Id)w 



+ (2ad(Xe2-e.+i)ad(X,,_,,^J Id)a;j . 
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Now we consider the contribution from each term separately. A direct computation shows that 
the first term is given by 

1 * 

— ^ad{Xe,+e,+ ^hd{Xe,-e,+ ,)X.2ej ® ^2£, 



Co . , 



2co 

i<i<fc<j 



1 * 



2co 

fe=2 



(£fe+£i+i)-'^£i-£fc ® ^ei+eu 



-1 1 * 

— ^£l+£,+l ® ^2£i - ^ Z] ^£l-£. ^ ^£1 



fc=2 

Similarly we have 



1 1 * 

Ta = (ad(X,,_e.+i)ad(X,,+,^^J ® Id)w = -He,-e,^, ® X^e^ + — J^X,,_,, X,, 

Co ^'^ 

and 



" fe=2 



Ta = (2ad(X,,_,,^Jad(X,,_,,^J 0ld)a; = -Xa,,^, X_(,^+,^). 

Co 



Therefore, 

-'^£l-£2 • 'r2(-'^£i+£i + i + -'^£2-£i + l^ 

= Ti + Ta + Ts 



1 1 * 

-i^£i+£,+i ® X2e, - —Y,Xe^-e, ^ ^£i 



^''^ fe=2 
o o i._9 o 

= -(i:f£i-£, + i - ^£l+£, + J ^ X2£l + -^2£,+ l ^ ^-(£l+£2)- (4.12) 

Co Co 

Observe that f) n [^ is spanned by the elements H^^^^^^-^ = {Ejj — E~- -■) — {Ej^ij^i — E'-q-j^-r-j) 
for 1 < j < i - 1. Since He^^e^+i - ^£i+£,+i = -2(Ei+i,i+i - E^-r^), it follows that He^-e,+^ - 
Hei+e^+i O n ^. As pr^^j(„)(X2£,+i (g) X_(£^+g2)) = 0, we then obtain 

-'^£l-£2 ■Pl'^(g>3(n)('^2(-^£i+£i+i +-'^£2-£,+ l)) 
= Pr^®3(n)(-'^£l-£2 • T2(-'^£i+£,+ i + -^£2-£i+l)) 

1 4 

= — Pl'^(g)3{n)((-f^£i-£i+i - -f^£i+£,+ i) 'X'X2£i) + — Pr^®3(n) (-'^2£,+i fX" ^-(ei+ea)) 

= 0. D 
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Now we define the "opposite" T2 map by 

r2:5(-l)^0(O)»B(-2) 



with 

7je3(n) 

1 ' 1 

° i=i ° l<j<fc<i 

It follows from the same arguments in the proof for Lemma 3.3 and Proposition 7.3 in [14] that 
the -f2 map is not identically zero and L-equivariant. Let pr( ^^/^\ : I (g) ^(n) — )■ I7 (E) ^(n) be the 
projection map from [(8)3(11) onto l^ i^^{n). 

Proposition 4.13. The vector pii fgj^/f^\{f2{X^^ + X^^^)) is a lowest weight vector for V (fi + e-y)* . 

Proof. This proposition immediately follows from the arguments used in the proof for Proposition 
14. 10^ by replacing positive (resp. negative) roots with negative (resp. positive) roots. D 



We set 

Y*- ^^o 



-VV,^rMn){MX-^.+X.,^)). (4.14) 



It follows from Proposition 14.13] that Yj* is a lowest weight vector for V{fj, + e^)*. In the next 
subsection we compute f2(Y[*){X). To the end we give an explicit form for Yj* . 

Lemma 4.15. We have 

2c - ^ ^ 2c V— -\ 

fc=3 fc=3 

2c 



Proof. By using the same arguments for Lemma 14.71 one can obtain 



Pr^®3(n)(T2(^-M + ^-ej) 

= 2(P^i.®3(n)(ad(^-M)ad(X_,J^Id)^)+pr^^j(s)(ad(X_,Jad(X_^)0ld)^)). (4.16) 
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A direct computation shows that 

1 ' 

+ ^5- ^ Pr^®3(n) (ad(X_(,^+,^^^))ad(X_(^2_^^^^))Xs^.+£, ^ ^-(e,+e,,)) 



2co 

l<i<fc<i 



11 1 V— -\ 



° ° fc=3 



Observe that we have 

1 * 1 * 



j=l fc=2 



Since (1/i) Ej=i(-^ji - ^;;) ^ 3(0 and H2e,+, € t) n l„^, it follows that 



1 ' 

fc=2 

Therefore, pr^(g,j(fl)(ad(X_^)ad(X_e^) (g) Id)a)) is given by 
pr^®3(n)(ad(X_^)ad(X_eJ (g) Id)(Z') 

= --X-{ei-e,) ® ^-2.2 - ^— E ^-1--^ ® ^-(ei+.2) " ^ E ^-(^i--^) ® ^-(«+e.)- (4-17) 
° ° k=2 ° k=3 

Similarly we have 
pr^®3(fl)(ad(X_,Jad(X_^) Id)(^) (4.18) 



lx,,_,, ^ X_2,, - :^(^.i-.2 - E ^-2--^) ^ ^-(ei+.2) + ^ E ^- 



° fc=3 fc=3 



(e2-efe)®^-{£i+£fe)- 



By substituting (j4.17p and (j4.18p into (j4.16p and multiplying the resulting equation by 8Co/(i + 1), 
one obtains 

4cn „ . „ 4c, 






A;=3 A;=3 



Sk) ® ^-{e2+ek) 



2Cr. 



Yy(E^=i-^ft +-f^ei-£2 -E^^2-^fe) ^-'^-(ei 



i(i + 1) 
^ ' k=2 k=3 



+£2)- 



Now the proposed equality follows from manipulating the elements in the Cartan subalgebra. D 
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4.2. The f2\v (^jL+e )* map- Now we show that the map 'f2|y(^+e ). is not identicahy zero. To do 
so, we recall several essential ingredients. First observe that, as the duality is with respect to the 
Killing form k, if T* = Xo,®X^^^ G {^®i{n) and Xpi^X^^^ G [^(g)3(n) then Y*{Xj3®X^j^) is given 
by Y*{Xp (g) X^^) = K{Xa.,Xii)K{X^^^^,X^.). As observed in ()4.ip . we have 

J Co if a is long 
ICo II a IS short. 



Finally we recall from (13. 4p that if VF C g is an ad(f))-invariant subspace then, for any weight 
V £ f)*, we write A^{W) = {a £ A{W) \iy-a£ A}. 

Proposition 4.19. The L -intertwining operator f2|y(^+e ). is not identically zero. 

Proof. Take lowest weight vector Y^ as in (14.14p . We show that f2{Yj*){X) is a non-zero polynomial 
on 0(1). AsT2(X) = (1/2) ^^^,g^(^(„))ad(X)2x;^,®X^^., by LemmaSISl the polynomial f2(ll*)W 
may express as a sum of five terms. We consider the contribution from each term separately. We 
start with observing the contribution from the first term. We have 

^1 = ^ E '^(^ei-e„ad(X)2x;)^(X_2.,,^7.) 
7j6A(3(n)) 



i+1 



Ac(X,,_,2,ad(X)^X_2.i). (4.20) 



Write X = '^Zae/s.Uii)) Va-^a, where rja G n* is the coordinate dual to X^ with respect to the Killing 
form. Then, 

mSi) = ■^K{X,^^e„ad{XfX^2e,) 
I + 1 

2(-; 

^ TTl E Var](3tiiXei-e2AX(3,[Xa,X^2ei]]) 

a,/3GA(0(l)) 

2(-; 

^TTl E Var]f}tii[Xei-e2,Xf3],[Xa,X_2ei]) 

«,/3GA(g(l)) 

^i^ E ^ei-e2,/3^^a-2eir/ar//3K(X^+(^^_^2)'^"-2£l), (4-21) 

agA2,i(g(l)) 
/3eA^i-=2(g(l)) 

where A'^i-^2(0(1)) = {a G A(0(1)) | (ei - £2) + a G A}. Observe that KiXp^(^,^_,^),Xa-2ei) + 
if and only if a G A2ei(0(l)). Indeed, first one may see from (j4.2ip that K(A'^+(£j_£2);^a-2£i) 7^ 
if and only if /3 = (ei + £2) — ct; equivalently, the value of the Killing form is non-zero if and only if 
aG A2ei(0(l))nAe,+£2(0(l)). By inspection, we have A2ei (0(1)) = {e\^ej \ i + 1 < j < n}. Thus, 
for any a G A2ei(0(l)), it follows that (e\ + £2) — o G A. Therefore A2ei(0(1)) n A£j+£2(0(1)) = 
A2ei(0(l)). Now, if (a,/3) denotes a pair so that K(X^j^i^^^_^,£^^Xa-2e-x) 7^ then (a,/3) = (ei ± 
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£j,£2 =F Ej) for z + 1 < j < n with respect to the signs. Therefore, 

QeA2^i(0(i)) 

Q:eA2,i(0(l)) 

2 '^ 



j=j+l 



2co 



J Yj (l)(l)^£l+£.^£2-£,«^(^£l-£,>^-(£l-£,)) 



2co "" 



^TTl ^ (l)(-l)^£l-£.%2+£,^(^£l+£,>^-(£l+£,)) 

■ ^ _|_ 2 Z^ %i+£j%2-£j V£i-ejVe2+ej 



4c2 



i+T E ^(^,^£%£,X^,^£*2-..)-'^(^'^£V£.)'^(^'^£2+£.)- 
j = i+l 

By a similar computation one obtains 

^2 = ^ E '^(^-(£l-£2)>ad(X)2X;^XX_2£2,^7.) 

7jGA(3(n)) 

/I 2 " 

= 7TT E '^(^,^£%£,>(^,^£Ve.)-'^(^'^.V..>(^'^*2+e.)' 



^3 = ^ E E^(^-(«-.)'ad(X)2x;>(X_(,,+,,),X,^,) 
7,eA(3(n))fc=3 

= ^-—h E '^(^,^£%£,>(^,^£V£.)-'^(^'^£V£.>(^'^£*2+£.)' 



^4 = 7^ E E^(^-(^l-.)'^dW^7.)'^(^-(£2+£.),^. 



^ . , 1° E '^(^,^£%£,X^,^£V..)-'^(^'^eVe.X^'^*2+..)' 
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and 



^5 =-^ E ^(^ei-.„ad(X)2x;^)K(X_(,,+,,),X^J 

7jGA(3(n)) 



Therefore f2(yj*)(X) may be given as 
4a 



- Y, <x,x:^^,^)Kix,x:^_,^) - Kix,x:^_,^Mx,x:^^,^ 



' + - .=.+1 



4c; 



2 " 



^ + - .=.+1 



2(i - 2)c^ 



2 " 



+ ^^/° E <x,x:^^,^Mx,x:^_,^)-Kix,x:^^,^Hx,x:^_,,^ 



j=i+l 



2{i-2)ci 






t 9 " 



^ 5] ^(x,x;^+,^)/.(x,x,v,^.)-^(x,x;_,;k(x,x;^+,^.) 



J=l+1 

= 4c2 ^ Ac(X,X;^+,^)K(X,X,V.,)-^(^,^eVe,)'^(^,^.*.+.,)- (4-22) 

Hence f2{Y^){X) is a non-zero polynomial on g(l). □ 

4.3. The special value. Now we are going to find the special value for the Vl2\v{fi+e )• system. 
As for the type lb case, to find the special value, we use Proposition 12.231 Recall from Section 2.3 

the linear map 0J2\v{^l+e^Y ■ ^(/" + £7)* ^ ^i^) defined by u}2\viix+e„-,)* = <^ ° ^2|y(/,+e„^)*, where 
(J : Sym (0(— 1)) — )• U{n) is the symmetrization operator. If Y* is the lowest weight vector for 
V{n + e^)* defined in (|4.14p then it follows from (|4.22p that uj{Yi*) := a;y(^+^^), is given by 

n 

By (j4.2p . this amounts to 

n 
j=i+l 



The following lemma will simplify arguments for a proof for Theorem 14.241 below. 

Lemma 4.23. For X,Y, Z £ g, in U{q), we have 

X ■ a{YZ) = a{[X, Y]Z) + a{Y[X, Z\). 
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Proof. A direct computation. D 

Now we are ready to determine the special value for the ^2\v{fi+e )• system. 

Theorem 4.24. Let q be the maximal parabolic subalgebra of type Cn{i) for 2 < i < n — 1. The 

^2\v{^i+e )• system is conformally invariant on Cs if and only if s = n — i-\-l. 

Proof. By Proposition 12.231 to prove this theorem, it suffices to show that X^ ■ {ujiYj*) (g) l^s) = 
in Mq(C_s) if and only if s = n — i + 1, where ^ is the highest weight for 0(1). It follows from (14. 3p 
that X^ ■ {uj{Yj*) (S> 1-s) may be a sum of two terms. As ^ = ei + Sj+i, the first term is 

n 

By Lemma 14.231 this may be expressed as 

n 

n 
+ X] ^(^-(ei+ej)[^£i+e»+i'^-(e2-ej)])® 1-^ 
n 

= cr{He,+s,+,X_^,^_^^)) ® 1_^ 

n 

+ X ^ei+..+ ,-(ei+.,)^(^-(s,-..+,)^-{.2-..)) ® 1— (4-25) 

j=i+2 

Since a{ab) = (1/2) (a6 + ba), we have 



(li:25]) 



f^(^£i+e.+ i^-{£2-£,)) «) 1-s + X ^ei+e.+i,-{ei+ej)^(^-fe-e.+ i)^-(e2-e,)) «> 1- 

j=i+2 



1 " 

+ 9 X ^ei+e»+i-(ei+£j)(^-(Ej-£»+i)^-(e2-£,)+-^-(e2-£j)^-fe-£»+i)) ® l-'^- (4-26) 



j=i+2 
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If Aj = X^*=i £j is the fundamental weight for ctj then, as H ■ l_s = Xi{H)l-s for H £ i), a direct 
computation shows that 

Km 

1 " 

j=i+2 

1 

2 

I (1) X_(,,_,^^^) O 1„, - 5 (1) X_(,,_,^^^) L 



1 " 



j=i+2 

= -^{'^s -n + i)X„(^2_e.^^) (g) !„,. 
Similarly, by a direct computation, the second term amounts to 

n 
j=i+l 



1 "^ 

9 Z^ ^£i+e,+ i,-(£i-£j)^£i+i+ej -(£2+£j)^-(e2-£i+i) '^ 1- 



2 

1 
'2 



- (1) (-1) x_(,,_,^^^) ^ 1_, 



- ^ (-2) (1) X_(,,_,^^^) 1_, - 1 ^ (-1) (1) X_(,,_,^^^) 1_, 

j=i+2 

= 2(^-^ + 2)^-(£2-£.+i)®l— 
Therefore, X^ • (a;(y;*) (8) 1-s) is given by 

X^ ■ iuj{Yn !_,) 
= Ti + T2 

= --(2s - n + i)X_(,,_,^^^) l-s + -{n - i + 2)X_(,,_,^^^) !_« 

= --(2s - n + i - (n - i + 2))X_(,2_,^^^) ® l_s 
= -(s - (n - i + 1))X_(,2_,^^^) » !_,. 

Hence X^ • {u}{Yi*) (g) l_s) = if and only if s = n - i + 1. D 
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4.4. The standardness of the map 93^2- I^ the remainder of this section we determine the 
standardness of the map <pn2 coming from the conformaUy invariant i^2\v{^J,+e )* system. 

Observe that if wq is the longest Weyl group element for [^ then the highest weight 1/ for y(/x + 
e^)* = V{£i + £2)* is 1/ = —wo{£i + £2) = — Ej-i — Ei- By Theorem 14.241 the special value S2 for 
the Q2|y(/x+e„ )* system is S2 = n — i + 1. Therefore, by (|2.10p . the Q2\v{ti+en )* system yields a 
non-zero Z//(0)-homomorphism 

V3Q2 : Mq((-ei_i - ei) - (?^ - ^ + l)Ai + p) ^ Mq(-(n - i + l)Xi + p). (4.27) 

Theorem 4.28. If c\ is the maximal parabolic subalgebra of type Cn{i) for 2 < i < n — 1 then the 
standard map ipstd between the generalized Verma modules in Ii4.27\ ) is zero. Consequently, the map 
<pn2 is non-standard. 

Proof. The idea of the proof is the same as for Theorem 13.141 Namely, first show that there exists 
Uu G n(l) so that —Oi, — {n — i + l)Aj + p is linked to (— e^-i — £i) — {n — i + l)Aj + p and then 
apply Proposition 12.121 Observe that we have 

— £i-l — ^i = — 2(ej — £n) — (^i-l — £«) — '^^n 

with £i — £n £ A(0(1)) and ej_i — £«, 2e„ E n([). (See Appendix iBl) By a direct computation one 
can show that (ej_i — £i, £i — e„) links — 2e„ — {n — i + l)Aj + p to {—£i=i — £i) — {n — i + l)Aj + p. 
Now the theorem follows from Proposition 12.121 D 

Appendix A. Parabolic subalgebra of type -D„(n — 2) 

In this appendix we observe the ^2 systems of maximal parabolic subalgebra q = 1 © n of 
type Dn{n — 2). In particular we find the special values for the ^^2 systems and determine the 
standardness for the maps ipQ^ ■ 

The parabolic subalgebra q of type Dn{n — 2) is the maximal parabolic subalgebra determined 
by the simple root 0^-2; the deleted Dynkin diagram is 




o o — 

tti an-3 



with subgraphs 

o o o o o o 

Qi 02 as a„_3 an-i an- 

As the simple root Oq that determines the parabolic subalgebra q is Oq = an-2i the fundamental 
weight Aq for Oq is Aq = A„_2. 

Recall from Section 2.4 that the Levi subalgebra i may be decomposed as 

[ = Ci^q © [^ © [+^ © [-^. (A.l) 
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The unique simple root a-y that is not orthogonal to the highest root 7 is a^ = 02- Therefore we 
have {.y = s[(n — 2,C) and l^^ = s[(2,C). For convenience we set (+j, (resp. l~^) to be the simple 
ideal that corresponds to the singleton for a„ (resp. a„_i). 

A.l. Special constituents and special values. We start with finding the special constituents 
of [(g) 3(n). As shown in Section 2.4, the tensor product [(g) ^(n) may be decomposed into 

[0 3(n) = (CFq (g3(n)) {l^®i{n)) ([+^ 3(n)) (["^ 3(n)). 

With the arguments in Section 6.1 of [14J, one can easily check that Cffq 3(n) and l^^ 3(n) are 
simple [-modules. In fact, if we use the standard realization of roots with a„_i = £„-! — £■« and 
a„ = e„_i + En then 

CH^®l{n) = V{^) = V {81+82), 

[^y l{n) = V{an + 7) = ^(^1 + £2 + Sn-i + En), and 

^n7 ® lip) = y{an~l + 7) = ^(f^l + £2 + En-l " ^n)- 

On the other hand, the tensor product [^ ^(n) is reducible. By using the character formula of 
Klimyk ( |lll Corollary]), it can be shown that 

ln7 3(n) = l^(2ei + £2 - £^-2) ^(£1 + £2) l^(2£i). 

Now one may observe that only y(2ei) and V{ei -|-e2 + £n-ii£n) satisfy the conditions (CI) and 
(C2) in Definition 12. 21[ Thus these irreducible constituents are the special constituents of [0 3(n). 
Write e-y and e^^ for the roots in A(0(1)) so that /x+e^ = 2ei and /i + e^^ = ei-|-e2+£n-ii£n, where 
/x is the highest weight for g(l). Tables [6] and [7] summarize the data for the special constituents. 

Table 6. Roots //, e^, e^^, and e^^ 



Parabolic q 


^J' 


£7 




^717 


Dn{n - 2) 


El + En-l 


£1 - £n-l 


£2 +£n 


£2 -£n 



Table 7. Highest weights for special constituents 
Parabofic q V{^ + ey) V{^ + e+^) V{ii + e~^) 

L>n(n - 2) 2£i £1 + g2 + £n-l + £n £l + £2 + £n-l - £n 

Observe that /i, e-^, and e^^ are all long roots and that neither n + e-^ nor ji + ej^ is a root. 
Thus the special constituents V{ix + e^) and V{fi + e^^) are all of type la. (See Definition 12.221 ) 
As [ 3(n) contains a special constituent of type la, it follows from the argument in the proof for 
Proposition 7.3 of |14] that the T2 map is not identically zero. Also, the argument for Proposition 
7.5 shows that, for y(/u + e) = V{ii + e^), V{ii + e^^), the linear map f2|y(^+e)* is not identically 
zero. 
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Now we are going to find the special values of the ^2 systems arising from the special constituents 
V{fi + e^) and V{iJ, + e^^). Recall from p.4p that, for v E t}*, we write 

A^(0(1)) = {a e A(g(l)) \u-aeA}. 

Theorem A. 2. Let q be the maximal parabolic subalgebra of type -D„(n — 2). IfV{fj, + €) = V{fi+e^) 
or V{fi + e^ ) then the ^2\v(fi+e)* system is conformally invariant on Cg if and only if 

_ |A^+,(0(1))| ^ 
^" 2 

where |A^-|-e(g(l))| is the number of elements in A^-|-e(g(l)). 

Proof. Since the special constituents V{^ + e) and V{fi + e^) are of type la, all the statements in 
[14] for type la special constituents can be applied. Now the theorem follows from the arguments 
in Section 7 in [H]. D 



Corollary A. 3. Under the same hypotheses in Theorem } A. ^ all ^2\v(^l+e)* systems are conformally 
invariant on L\. 

Proof. By inspection we have |A^-|_e(0(l))| = 4 for each special constituent. Now the results follow 
from Theorem lA. 21 D 

A. 2. The standardness of the map (fn^- I^i the rest of this section we determine whether or 
not the maps <pn2 coming from the fl2 systems are standard. 
Observe that 

V{fi + e^)* = V{2eiy = V{-2en-2) 

and 

V{H + e^^)* = V{ei +62+ Sn-l ± En)* = V{-en-'i - en-2 + ^n-l ± £n)- 

It follows from Corollary lA. 31 that the special value S2 is S2 = 1 for each special constituent. There- 
fore if we denote by 92(n2,/i+e7) (resp. ip,^ .^± .) the homomorphism induced by the Vl2\v{n+e^)* 
system (reps, the fi2lv(H+e± )• system) then, by (I2.10J) . we have 

95(f72,^+.^) : Mq(-2e„_2 - A„_2 + p) ^ Mq(-A„_2 + p) (A.4) 

and 

'^(^a./.+e^^) • ^q((-^ri-3 " ^n-2 + ^n-l ± £n) " K-2 + P) ^ Mq(-A„_2 + p)- (A.5) 

Theorem A. 6. // q is the maximal parabolic subalgebra of type Dn{n — 2) then the standard 
maps between the generalized Verma modules in liA.4\ ) and liA.5\) are zero. Consequently, the maps 
'P{n2,ti+e.,) and (/'(j^^^^+.i^) are non-standard. 

Proof. One can easily show that {en-i — Sn,£n-2 — ^n-i) links — (e„_i + e„) — A„_2 + p to — 2e„_2 — 
An-2 + P and that {enS - £n~-2,£n~2 - En-i) links to (-e„_3 - en-2 + £n-i ± £n) - An-2 + P- Now 
the theorem follows from Proposition 12.121 D 
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Appendix B. Miscellaneous Data 

This appendix summarizes the miscellaneous data for the maximal parabolic subalgebras q = 
I © g(l) © 3(n) of types Bn{n — 1), Cnii) (2 < i < n — 1), and Dn{n — 2). For the data for other 
maximal parabolic subalgebras of quasi-Heisenberg type see for example Appendix A of 



5B„,(n- 1) 



(1) The deleted Dynkin diagram: 



(2) The subgraph for i^: 

(3) The subgraph for in-y'. 



O O . . . O : r > 

«1 "2 Oin-2 On-l «n 



O O O O 

"1 "2 "3 an-2 



O 

an 



We have a^ = a^- The highest weight /x and the set of weights A(g(l)) for g(l) are /i = ei+e„ and 
A(0(1)) = {sj^En I 1 < J < n— l}u{ej | 1 < j < n— 1}. The highest weight 7 and the set of weights 
0(3(n)) for 3(n)) are 7 = £1+62 and A(3(n)) = {ej+Sfc | 1 < j < /c < n — 1}. The highest root ^^ and 
the set of positive roots A+([^) for [^ are ^^ = e\ —En-\ and A+(^) = \ej — Ek\ \ < j <k <n — \). 
The highest root ^„-y and the set of positive roots A+([yi^) for [„^ are ^,1^ = En and A+([„^) = {en}- 

§C„(i), 1<i<n-\ 
(1) The deleted Dynkin diagram: 

O O % O c \ '^ n 



(2) The subgraph for l^: 

(3) The subgraph for [„^: 



O o O O 

ai a2 "3 Oii-i 



o a( o 



We have a^ = ai. The highest weight ^ and the set of weights A(g(l)) for g(l) are ^ = Ei +£«+! 
and A(g(l)) = {ej ± Cfe | 1 < j < i and i-\-l <k <n}. The highest weight 7 and the set of weights 
A(3(n)) for ^(n) are 7 = 2ei A(3(n)) = {ej + Ek \ I < j < k < i} VJ {2ej | 1 < i < i}. The highest 
root ^^ and the set of positive roots A+(^) for [^ are ^^7 = £1 — Ei and A"'"([7) = {e^ — e^ I 1 < 
j < k < i} The highest root ^^^ and the set of positive roots A{ln'y) for [^7 are ^^17 = "^^i+i and 
A+([„7) = {ej ± Efc M + 1 < i < fc < ra} U {2ej \i + l<j <n}. 

§D„(n-2) 
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(1) The deleted Dynkin diagram: 



o ^o — 

ai a„_3 



"n-l 



(2) The subgraph for l^: 

(3) The subgraph for l~ : 

(4) The subgraph for [+^: 




o o o o 

ai a2 as "n-s 



o 



o 

On 



We have a^ = 02- The highest weight n and the set of weights A(0(1)) for 0(1) are /i = ei + e„_i 
and A(g(l)) = {ej ±e/fc|l<j<n — 2 and k = n — l,n}. The highest weight 7 and the set of 
weights A(3(n)) for ^(n) are 7 = ei + £2 and A(3(n)) = {ej + Ck \ I < j < k < n — 2}. The 
highest root ^^ and the set of positive roots A^(^) for l^ are ^^ = ei — en-2 and A+(l^) = 
{cj — Cfc I 1 < J < A; < n — 2}. The highest root ^~^ and the set of positive roots A+(l~^) are 
^^^ = e„-i — £n and A+([~^) = {e„_i — £„}. The highest root ^+^ and the set of positive roots 
A+([+^) are ^+^ = e„_i + e„ and A+([+^) = {e„_i + e„}. 
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